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Tools and formulae for loop calculations

I. FEYNMAN PARAMETERIZATION

Feynman parameterization 1:

To rewrite a product denominator into a symmetric form of the integration momentum, the
following Feynman parameteerization formulae are useful:

6(1 — 35, @)

AlAQ...An ( ?:1 Aixi)n ,

1 __ Emy) /ldxldm2 4y S0 = T o) Mz
AT AT2 Amn T T(my)[(my)...T(my) Jo (e A X ™

i i
— [(n) / dz,dzy...dz,
0

1

Simplest examples:

1 —/ldl’dl‘ 6(1—1’1—1‘2) _/1 d(L‘]
A]Ag 0 ! 2 (A]CCl +A21‘2)2 - 0 (A]CCl +A2(1 -—.’L‘l))Q '

my1—1_mo—1

1 _ T(mi +my) /ldz 1k 6(1 — x1 — xg) 27" x5
ATTAT?  T(m)D(mg) Jo 0 (A + Agzy)mi+ma

Feynman parameterization 2:

i Iy |
e L (1)
DE =TI ATE 0

II. FOUR-DIMENSIONAL INTEGRALS

(1) Wick rotation
O =il (="0p, d'%=id"lg=1idQ Cdlg=i2n° dlg,

(2). 4D convergent integrals:

4/ - 5 di¢ PHpv - 1 » d4¢ 2 ;
/(27r)4 [z — A]mf(f U= /(2@4 [ — A]mf“ )= 19 /(27r)4 [z - A]mf(g )
/ d*¢ 1 _ i(=1)™ 1 1 o

(2m)4 [2— Al (4m)?2 (m—1)(m—2) A™2 -

gt e . i) 1 L
/ (2m)* [2—A™  (4r)2  (m—1)(m—2)(m—3) Am-3 3]

- These results will be generalized to n-dimensions.



ITI. DIMENSIONAL REGULARIZATION
In a n-dimensional Minkowski space,

9uwg” =n=4-12¢

A. Dirac algebra

The n-dim Dirac algebra is defined as

'+ =201,

Vv = ghl=nl, gy, = (2 —n)4,
Py, = 4a - bl + (n — 4)dp,
Vdbtrn = —2¢pd — (n — 4)dp¢.

The traces then remain the same form as in 4D by convention
el 4, rPr'Y#’Yy == 4g;u/’

TrW’u'yu'Yp’Yu = 4(g,uugpa + GuoGuvp — g,upgua)~

B. n-dimensional Euclidean space

Angular variables:

d"lp = (5 dlg dQ,
dSl, = (sin®26,_; sin"20,_, ...sin6,) (df,_1d0n_s...d02d0:)

00, <2, 05y n 12T

And the angular integration

T [(mtL 2 m
| sinm6do = vx 5wl [ 5 = 2”—1/ Sin"26,_df,_; =
0 0

G e T
/dQ3_F(1—e)/() v~ (1 — v) "°dv, 0—2(1+c0582).




C. Loop integrals

n-dimensional loop integrals in Minkowski space read

2m)* [2 — A+iem (42 T(n/2) ['(m) (A —ieym—r—n/2

/ dame (& i(=1)™" I'(r+n/2) T(m—7r—n/2) 1
(

This reproduces the early results for n = 4. Note that the effect of the Wick rotation to

Euclidean space simply gives a factor i(—1)™"".

D. Gamma function

(1) Gamma function

Definition:
1
iz = / eVy*ldy, z>0.
0
Properties:

Iin+ 1) =n! {(n = integer), I'(z+1)=zl(z), |
Ml =
"

1
F(1+e):1—7E6+§(’y§;+€)+...

where the Euler’s constant vy ~ 0.5772...
(2) Beta function

Definition:

B(r,m) = /ler"l 1-z)"ldz =



